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ABSTRACT
We consider gauged WZWmodels based on a four dimensional non-semi-simple group.
We obtain conformal σ-models in D = 3 spacetime dimensions (with exact central charge
c = 3) by axially and vectorially gauging a one-dimensional subgroup. The model obtained
in the axial gauging is related to the 3D black string after a correlated limit is taken in the
latter model. By identifying the CFT corresponding to these σ-models we compute the
exact expressions for the metric and dilaton fields. All of our models can be mapped to flat
spacetimes with zero antisymmetric tensor and dilaton fields via duality transformations.
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1. Introduction
A large class of Conformal Field Theories (CFT’s) can be constructed by using current
algebras [1][2]. Models where the full symmetry of the action is realized in terms of current
algebras are the WZW models [3] based on a group G. By gauging an anomaly free
subgroup H of G we obtain new conformal theories or coset models G/H [2][4][5]. Both
WZW and gauged WZW models [6] are very important in understanding String theory
since they provide exact solutions to it and the current algebra description makes the
theories solvable. Compact groups were used in the construction of such models in String
compactifications as internal theories where the space-time was taken to be Minkowskian.
Later non-compact groups were used for non-compact current algebras and coset models
that provided exact String models in curved space-time [7][8]. Explicit constructions of the
geometries corresponding to gauged WZW models was done in the recent years (see for
example [9][10][11][12]) including all order corrections to the semiclassical (leading order)
results (see for example [13][14]).
So far the attention has been concentrated to the cases where simple or semi-simple
groups were used for reasons that will become obvious. In a recent paper Nappi and Witten
[15] showed how to write a WZW action for a non-semi-simple group. They considered
the algebra Ec2, i.e. the 2D Euclidean algebra with a central extension operator T . The
algebra for the generators TA = {P1, P2, J, T} is1
[J, Pi] = ǫijPj , [Pi, Pj ] = ǫijT , [T, J ] = [T, Pi] = 0 . (1.1)
Unlike the case of semi-simple algebras here the quadratic form ΩAB = fAC
DfBD
C is
degenerate, i.e. its determinate is zero. This makes the straightforward writing of the
corresponding WZW action problematic. However one can still resolve this problem by
considering another quadratic form which satisfies the properties a) ΩAB = ΩBA, b)
1 This algebra appeared before in the context of contraction of Lie groups [16] and in studies
of (1 + 1)-dimensional gravity [17].
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fDABΩCD + f
D
ACΩBD = 0 and c) is non-degenerate, i.e. the inverse matrix Ω
AB obey-
ing ΩABΩBC = δ
A
C exists. The first and the second properties ensure the existence of the
quadratic and the Wess-Zumino term in the WZW action and the third one gives a way
to properly lower and raise indices. The most general such quadratic form is [18]
ΩAB = k


1 0 0 0
0 1 0 0
0 0 b 1
0 0 1 0

 . (1.2)
Then parametrizing the group element as (summation over repeated indices is implied)
g = eaiPieuJ+vT , (1.3)
the corresponding WZW action takes the form [15]
S(u, v, ai) =
k
2π
∫
d2z
(
∂ai∂¯ai + ∂u∂¯v + ∂v∂¯u+ b ∂u∂¯u+ ǫij∂aiaj ∂¯u
)
. (1.4)
From this action one can easily read off the corresponding metric and antisymmetric fields
which represent a monochromatic plane wave. The corresponding exact CFT was identified
as a solution of the Master equation of the generalized virasoro construction of [19][20] with
central charge c = 4. The 1-loop solution is in fact exact since there are not any higher loop
diagrams that can even be drawn [15]. In fact there is an alternative way to understand
the absence of higher loop corrections. If we change variables as [15]
a1 = x1 + x2 cosu , a2 = x2 cosu , v → v + 1
2
x1x2 sinu , (1.5)
then the action (1.4) reads
S =
k
2π
∫
d2z
(
∂x1∂¯x1 + ∂x2∂¯x2 + 2 cosu ∂x1∂¯x2 + b ∂b∂¯u+ 2∂u∂¯v
)
. (1.6)
In this form it can easily be shown that it is equivalent to a correlated limit of the WZW
action for SU(2)⊗ IR. For the latter model, if we parametrize the SU(2) group element as
g = ei
σ1
2
θL ei
σ3
2
φ ei
σ1
2
θR
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and the translational factor IR in terms of the time-like coordinate y, the action is
S =
k′
4π
∫
d2z
(
∂θL∂¯θL + ∂θR∂¯θR + ∂φ∂¯φ+ 2 cosφ ∂θL∂¯θR − ∂y∂¯y
)
. (1.7)
If we define k′ = 2k/ǫ, θL =
√
ǫ x1, θR =
√
ǫ x2, φ = ǫv + u, y = (1 − ǫb/2) u and take
the limit ǫ → 0 the action (1.7) becomes identical to (1.6). The absence of higher loop
corrections in (1.6) is then attributed to the fact that such corrections are also absent in
the WZW action for SU(2)⊗ IR (except for a trivial overall shift in the value of k′). Notice
also that after the rescaling the periodic variables θL and θR take values, as x1 and x2, in
the whole real line.
As in the case of WZW models based on simple or semi-simple groups one can obtain
new conformal models by gauging anomaly free subgroups of (1.4). In this paper we
consider the gauging of the WZW model of [15] with respect to the generator J of the
Cartan subalgebra. In section 2 we consider the axial, vector and chiral gauging cases. It
will be shown that our σ-models can also be obtained if a specific limit in the 3D charged
and neutral black string models based on SL(2, IR) ⊗ IR/IR are taken. In particular the
limit is such that it ‘explores’ the region around the curvature singularities present in the
latter models. By performing a duality transformation we show that all of our solutions
can be mapped to flat spacetime solutions with zero antisymmetric tensor and constant
dilaton showing that these singularities are harmless from the point of view of String theory.
In section 3 we are identifying the exact CFT corresponding to the σ-model solution of
the previous section as a particular case of the models of [19][20] with c = 3. Using the
Hamiltonian for this CFT we compute the exact expressions for the metric and dilaton
fields. We end this paper with some concluding remarks in section 4.
2. Axial, vector and chiral gauging
In this section we consider different gaugings of the WZW model for Ec2 with respect
to the U(1) subgroup generated by J , i.e. Ec2/U(1). A more general gauging of the linear
combination J + λT turns out to give an identical to the λ = 0 case results, up to a shift
in the value of the constant b in the expressions below (this has its origin in the fact that
the algebra (1.1) is invariant under the redefinition J → J + λT ).
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2.1. Axial gauging
Consider first the case of the axial gauging (it turns to be the most interesting one)
which is not anomalous since the subgroup generated by J is abelian. In this case the
gauged WZW action is (see for instance [9][21])
Saxial = k [ I(hgh¯)− I(h−1h¯) ]
h = e−Jφ , h¯ = e−Jφ¯ .
(2.1)
The action Saxial is invariant under the following gauge transformations
δai = −ǫijaj ǫ , δu = 2 ǫ , δv = 0 , δφ = δφ¯ = ǫ , ǫ = ǫ(z, z¯) . (2.2)
The easiest way to realize that is to use the commutation relations (1.1) in order to rewrite
the above action (2.1) in the form
Saxial = k [ I(e
a′iPieu
′J+v′T )− I(eu′′J ) ] , (2.3)
where we have defined
a′i = (cosφ δij + sinφ ǫij)aj , u
′ = u− φ− φ¯ , v′ = v , u′′ = φ− φ¯ . (2.4)
Gauge invariance of (2.3) under (2.2) is manifest upon realizing that δa′i = 0. Using the
explicit from of the action for the WZW model (1.4), and the formulae
∂a′i∂¯a
′
i = ∂ai∂¯ai + aiai∂φ∂¯φ+ ǫij(∂φ∂¯aiaj + ∂aiaj ∂¯φ)
ǫij∂a
′
ia
′
j = ǫij∂aiaj + aiai∂φ ,
(2.5)
one can cast Saxial in (2.1), in the usual form of a gauged WZW model
Saxial =
k
2π
∫
d2z
(
∂ai∂¯ai + ∂u∂¯v + ∂v∂¯u+ b ∂u∂¯u+ ǫij∂aiaj ∂¯u
+A (ǫij ∂¯aiaj − 2∂¯v + (aiai − 2b)∂¯u)− (ǫij∂aiaj + 2∂v + 2b∂u) A¯+ (4b− aiai) AA¯
)
,
(2.6)
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where we have defined the gauged fields as A = ∂φ and A¯ = ∂¯φ¯. To obtain the σ-model
we have to fix the gauge and integrate over the gauge fields. A convenient gauge choice is
a1 = 0.
2 The resulting σ-model action is (we will denote ρ = a2)
S =
k
2π
∫
d2z
(
∂ρ∂¯ρ+
4
4b− ρ2 (−∂v∂¯v +
b
4
ρ2 ∂u∂¯u) +
4b
4b− ρ2 (∂v∂¯u− ∂u∂¯v)
)
(2.7)
Let us assume that b > 0 and define the rescaled variables r = ρ
2
√
b
, x = v/
√
b, y =
√
b u.
Then the metric, the antisymmetric tensor one reads off from the action (2.7) and the
dilaton induced from integrating out the gauge fields are given by
ds2 = 4b dr2 +
1
r2 − 1 dx
2 − r
2
r2 − 1 dy
2
Bxy = − 1
r2 − 1 , Bxr = Byr = 0
Φ = ln(r2 − 1) + const. .
(2.8)
Let us verify that the above fields do in fact solve the equations for conformal invariance in
the 1-loop approximation. In D = 3 the antisymmetric field strength Hµνρ = 3∂[ρBµν] has
only one component which can be parametrized in terms of a scalar H as Hµνρ = ǫµνρH.
In our case
H =
1√
G
∂rBxy = − i√
b
1
r2 − 1 .
Then in D = 3 the 1-loop equations for conformal invariance (see for instance [24]) can be
written as [25]
β¯Gµν = Rµν −
1
2
H2Gmn −DµDνΦ = 0
β¯Bνλǫµ
νλ = −e−Φ∂µ(eΦH) = 0
β¯Φ =
1
6
(3− c) + α
′
4
[D2Φ+ (∂µΦ)
2 −H2] = 0 .
(2.9)
2 This gauge fixing introduces a Faddeev-Popov factor (FP ) ∼ a2 in the path integral measure.
This factor should combine with the original measure in the path integral for the gauged WZW
model (in our case is the flat one) to give eΦ
√
G [22][23]. The fact that this is indeed the case can
be verified using the appropriate expressions below.
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We can explicitly compute the relevant tensors
Rrr = −2 r
2 + 2
(r2 − 1)2 , Rxx = −
1
2b
r2 + 1
(r2 − 1)3 , Ryy =
1
b
r2
(r2 − 1)3
DrDrΦ = −2 r
2 + 1
(r2 − 1)2 , DxDxΦ = −
1
2b
r2
(r2 − 1)3 , DyDyΦ =
1
2b
r2
(r2 − 1)3
(2.10)
with the off-diagonal elements being zero and the scalars
R = − 1
2b
2r2 + 5
(r2 − 1)2 , D
2Φ = −1
b
r2 + 1
(r2 − 1)2 . (2.11)
One then can easily verify that the equations (2.9) are indeed satisfied with central charge
c = 3. The signature of the spacetime in (2.8) is (+,+,−). If b < 0 one has to anallytically
continue (r, x, y) → (ir, ix, iy). Then the spacetime in (2.8) has signature (+,+,+) and
no singularity at all. The background defined in (2.8) is related to the corresponding one
of the D = 3 charged black string based on the coset model SL(2, IR) ⊗ IR/IR through a
limiting procedure. The expressions for the latter are [10]
ds2 =
1
α′
(−z − q0 − 1
z
dt2 +
z − q0
z
dx2 +
dz2
4(z − q0 − 1)(z − q0) )
Bxt =
1
α′
√
q0(q0 + 1)
z
, Φ = ln z + const. .
(2.12)
If we take the following correlated limits z → ǫ(r2 − 1), q0 → −1 − ǫ, x →
√
ǫα′x,
t → −√α′y with α′ ≡ ǫ/4b and ǫ → 0 then (2.12) becomes (2.8).3 One might wonder
what the physical meaning of such a correlated limit is. It is known [10] that the black
string geometry (2.12) has a curvature singularity at z = 0. Our limit corresponds to
‘magnifying’ the region around z = 0. The outer and inner horizons for z = q0 + 1 and
3 It is interesting to note that there is another limiting procedure one can follow in (2.12)
(or by analytically continue (2.8)) leading to a solution with a different physical interpretation.
Namely if z → ǫ(t2 + 1), q0 → ǫ, x →
√
α′x, t →
√
α′ǫy with α′ = ǫ/b and ǫ → 0 then (2.12)
becomes ds2 = −bdt2 + (t2 + 1)−1(dy2 + t2dx2), Bxy = 1/(t2 + 1) and Φ = ln(t2 + 1). The above
metric has the cosmological interpretation of an expanding and recollapsing Universe. String
backgrounds obtained by considering various limiting procedures on already existing solutions
can also be found in [26].
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z = q0 in the metric (2.12) dissapear in the above limit exactly because we ‘look’ at the
region close to z = 0 (already inside the inner horizon). Let us note that if we had taken
the (straightforward) limit of zero axionic charge q0 → −1 (essentially zero embedding of
H = IR into the IR factor in G – up to an analytic continuation) we would have obtained
the σ-model for the SL(2, IR)/U(1) ⊗ IR (the Euclidean black hole times a translation).
The metric defined in (2.8) has a time-like curvature singularity at r2 = 1 (corresponding
to the black string singularity at z = 0). However, from the point of view of string theory
this is not very harmful because next we will show that the fields in (2.8) are related to
the D = 3 Minkowski space-time (with constant dilaton and zero antisymmetric tensor)
by means of a duality transformation. In contrast the background (2.12) is dual to the
neutral black string (with q0 = 0) which is the 2D black hole times a U(1). The duality
transformations for the case of one isometry read (the coordinate system is (x0, xa)) [27]
G˜00 =
1
G00
, g˜0a =
B0a
G00
, G˜ab = Gab − G0aG0b −B0aB0b
G00
B˜0a =
G0a
G00
, B˜ab = Bab − G0aB0b −G0bB0a
G00
Φ˜ = Φ + lnG00 .
(2.13)
Applying this transformation to the background in (2.8) for the isometry in the x-direction
we obtain
ds˜2 = 4b dr2 + (r2 − 1) dx2 − dy2 − 2 dxdy
B˜µν = 0 , Φ˜ = const. .
(2.14)
After we make the shift of the coordinate y → y − x we see that the metric becomes the
Minkowski metric in three dimensions, i.e. ds˜2 = 4b dr2 + r2dx2 − dy2. If we apply (2.13)
for the isometry along the y-direction we get (we also have to shift x→ x+ y )
ds˜2 = 4b dr2 + dy2 − 1
r2
dx2
B˜µν = 0 , Φ˜ = ln r
2 + const. .
(2.15)
Obviously this solution can also be mapped into the background corresponding to the flat
Minkowski space-time with zero antisymmetric tensor and constant dilaton by performing
a duality transformation in (2.15) along the x-direction.
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2.2. Vector and chiral gaugings
Let us now consider the case of the vector gauging. In this case the action is [6]
Svector = k [ I(h
−1gh¯)− I(h−1h¯) ]
h = e−Jφ , h¯ = e−Jφ¯ .
(2.16)
As in the case of the axial gauging it is convenient to cast (2.16) in the form
Svector = k [ I(e
a′iPieu
′J+v′T )− I(eu′′J ) ] , (2.17)
but now with definitions
a′i = (cosφ δij − sinφ ǫij)aj , u′ = u+ φ− φ¯ , v′ = v , u′′ = φ− φ¯ . (2.18)
Then it is easy to check that the action (2.16) (or equivalently (2.17)) is invariant under
the vector-like gauge transformations
δai = ǫijaj ǫ , δu = δv = 0 , δφ = δφ¯ = ǫ , ǫ = ǫ(z, z¯) . (2.19)
Then
Svector =
k
2π
∫
d2z
(
∂ai∂¯ai + ∂u∂¯v + ∂v∂¯u+ b ∂u∂¯u+ ǫij∂aiaj ∂¯u
+ A (2∂¯v + (2b− aiai)∂¯u− ǫij ∂¯aiaj)− (2∂v + 2b∂u+ ǫij∂aiaj)A¯+ aiaiAA¯
)
.
(2.20)
The result of the integration over the gauge fields is (As before we fix the gauge by choosing
a1 = 0 and we denote ρ = a2. We also perform the shifting v → v − bu)
ds2 = dρ2 − b du2 + 4
ρ2
dv2
Bµν = 0 , Φ = ln ρ
2 + const. .
(2.21)
Perhaps this simple result should have been expected since not only v but also u is inert
under the vector transformations (2.19). It represents the dual space-time to the Euclidean
space-time in 2D in polar coordinates [28] plus a time-like coordinate. Thus, the coset
Ec2/U(1) provides also a exact CFT description for the space (2.21) as well. In view of the
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fact that the background in (2.8) can be obtained from that for the charged black string
(2.12) by taken a correlated limit, one might expect that (2.21) may be derived from
the dual of the charged black string [29], namely SL(2, IR)/IR⊗ IR, via a similar limiting
procedure. One can easily verify that (again the limit corresponds to a ‘maginification’ of
the region around the 2D black hole singularity at uv = 1). Notice also that (2.21) is dual
to an analytically continued version of (2.15).
Let us consider briefly the case of chiral gauging which, generically, gives rise to σ-
models that are inequivalent with the corresponding models one obtains in the usual cases
of axial and vector gaugings. Nevertheless, they will also be conformally invariant because
the action one starts with, before integrating out the gauge fields, can be written as the
sum of three independent WZW actions, as it was discussed in [30]. Namely, in the chiral
gauging case the action has the form [31]
Schiral = k [ I(hgh¯)− I(h)− I(h¯) ]
=
k
2π
∫
d2z
(
∂ai∂¯ai + ∂u∂¯v + ∂v∂¯u+ b ∂u∂¯u+ ǫij∂aiaj ∂¯u
+A (ǫij ∂¯aiaj − 2∂¯v + (aiai − 2b)∂¯u)− (ǫij∂aiaj + 2∂v + 2b∂u) A¯+ (2b− aiai) AA¯
)
.
(2.22)
The above action is invariant under the chiral gauge transformations
δai = −ǫijaj ǫ , δu = ǫ+ ǫ¯ , δv = 0 , δφ = ǫ , δφ¯ = ǫ¯ , ǫ = ǫ(z) , ǫ¯ = ǫ¯(z¯) .
(2.23)
After integrating over A, A¯ and make the shift v → v − b2u we obtain
ds2 =
1
a2 − 2b
(
(aidai)
2 − 2b daidai − 2b ǫijdaiajdu+ 4dv2 + b(b− a2) du2
)
Buv =
a2
a2 − 2b , Biv =
2
a2 − 2b ǫijaj
Φ = ln(a2 − 2b) + const. ,
(2.24)
where a2 ≡ aiai. Because there is no true gauge invariance in (2.22) (the parameters of
the transformation in (2.23) are holomorphic or antiholomorphic) this is a D = 4 σ-model.
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However by changing variables as: a1 = r cos θ, a2 = r sin θ and after a few rescalings
of the variables and the shifting θ → θ + u/2 one discovers that (2.24) reduces to the
σ-model obtained in the axial gauging plus the action for a free boson corresponding
to a time-like (space-like) coordinate if b > 0 (b < 0). The spacetime has signature
(+,+,−sign(b),−sign(b)). This is similar to a relationship between axially gauged and
chiral gauged WZW models found in [30] for the case of simple groups and if the subgroup
is an abelian one.
3. Operator method
In general there are α′ ∼ 1/k corrections to the semiclassical expressions for the σ-
model fields one obtains by integrating out the gauge fields, as we have done so far, in
the gauged WZW action.4 One can find the exact expressions for the metric and dilaton
fields we have obtained in (2.8), (2.21) by identifying the underlying exact CFT. As in was
noted in [15] using the OPE expansions
PiPj ∼ ǫijT
z − w +
δij
(z − w)2 , JPi ∼
ǫijPj
z − w
JJ ∼ b
(z − w)2 , JT ∼
1
(z − w)2 , TT ∼ 0 ,
(3.1)
one can show that the stress energy tensor defined as
TG =
1
2
: (PiPi + JT + TJ + (1− b)T 2) : (3.2)
satisfies the Virasoro algebra with central charge c = 4. In fact this corresponds to a
solution of the Master equation of [19][20]. It also obvious that TH =
1
2b
: J2 : satisfies the
4 There exist regularization schemes in conformal perturbation theory in which the semiclassi-
cal results for SL(2, IR)/IR and SL(2, IR)⊗ IR/IR solve the β-function equations to two loop order
in perturbation theory [32][25] (for a different argument that such a scheme should exist see [33]).
However, this is far from being a general conclusion for all gauged WZW models. Nevertheless,
the exact expressions, as ones obtains them by making contact with the exact coset CFT, are
needed in order to correctly describe the Klein-Gordon-type of equations for the string modes
[32][25].
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Virasoro algebra with central charge c = 1. The difference TG/H = TG − TH satisfies the
same algebra with c = 3. What is also true is that TG/HJ ∼ 0. The regularity of the last
OPE makes it possible to gauge the corresponding symmetry.
It is convenient to express the zero modes of the holomophic currents in (3.1) (and of
the corresponding anti-holomorphic ones) as first order differential operators. We compute
the ‘left’ and ‘right’ Cartan forms
g−1dg = (cosu daj − sinu ǫijdai) Pj + du J + (dv + 1
2
ǫijdaiaj) T
dgg−1 = (daj − ǫijai du) Pj + du J + (dv − 1
2
ǫijdaiaj − 1
2
aiai du) T .
(3.3)
From the above we compute the following matrices defined as g−1dg = dXMLM
ATA,
−dgg−1 = dXMRMATA, where XM = {a1, a2, u, v}
LM
A =


cosu − sinu 0 a22
sinu cosu 0 −a1
2
0 0 1 0
0 0 0 1

 , RMA =


−1 0 0 a22
0 −1 0 −a1
2−a2 a1 −1 12 (a21 + a22)
0 0 0 −1

 (3.4)
and their inverses
LA
M =


cosu sinu 0 −1
2
(a2 cosu− a1 sinu)
− sinu cosu 0 12 (a1 cosu+ a2 sinu)
0 0 1 0
0 0 0 1

 , RAM =


−1 0 0 −a2
2
0 −1 0 a12
a2 −a1 −1 0
0 0 0 −1


(3.5)
The first order differential operators defined as JA = LA
M∂M , J¯A = RA
M∂M satisfy the
commutation relations (1.1) and commute with each other. Explicitly they are given by
JPi = (cosu δij + sinu ǫij)∂aj +
1
2
(sinu δij − cosu ǫij)aj∂v , JJ = ∂u , JT = ∂v
J¯Pi = −∂ai −
1
2
ǫijaj∂v , J¯J = −ǫijai∂aj − ∂u , J¯T = −∂v .
(3.6)
As usual the metric and the dilaton in any WZW model (gauged or not) can be deduced
by comparing [13][14] HT = (L0 + L¯0)T with
HT = − 1√
G eΦ
∂M
√
G eΦ GMN∂NT ,
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where H is the Hamiltonian of the corresponding CFT, L0 and L¯0 are the zero modes of
the holomorphic and antiholomorphic stress energy tensors and T denotes tachyonic states
of the theory annihilated by the positive modes of the holomorphic and antiholomorphic
currents. For the case of the D = 4 WZW model the tachyon depends on all af the four
group parameters, i.e. T = T (a1, a2, u, v). In that case the forementioned comparison
gives for the inverse metric
GMN =


1 0 0 −a22
0 1 0 a1
2
0 0 0 1
−a2
2
a1
2
1
a2
1
4
+
a2
2
4
+ 1− b

 (3.7)
which upon inverting it gives the metric corresponding to the σ-model (1.4), but with
b → b − 1. One might think of the shifting as a quantum correction to the semiclassical
result in (1.4). However, this it does not really matter since one can absorb b into a
redefinition of v (however it will be important for the gauged models that we will shortly
consider). The dilaton turns out to be constant in this case as expected. For the D = 3
model case one should choose gauge invariant tachyonic states T because of the gauge
symmetry [14]. For the case of the axial gauging we have the constraint
(JJ − J¯J )T = 0 ⇒ T = T (ρ2 = aiai , v , x = a1 cos u
2
+ a2 sin
u
2
) . (3.8)
Then the result for the inverse metric is (with Xµ = {v, x, ρ})
Gµν =


ρ2
4
− b+ 1 0 0
0 1 + 14b (x
2 − ρ2) xρ
0 xρ 1

 . (3.9)
After we invert it and change variables as x = ρ cos u2 we obtain the metric and dilaton
ds2 = dρ2 +
4 dv2
ρ2 − 4b+ 4 −
b ρ2
ρ2 − 4b du
2
Φ =
1
2
ln
(
(ρ2 − 4b)(ρ2 − 4b+ 4))+ const. .
(3.10)
The above expressions become equivalent to the ones in (2.8) for large b. To obtain the
result of the vector gauging one has to impose the constraint
(JJ + J¯J )T = 0 ⇒ T = T (ρ2 = aiai , u , v) . (3.11)
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In this case one obtains
ds2 = dρ2 +
4dv2
ρ2 + 4
− bdu2 , Φ = 1
2
ln
(
ρ2(ρ2 + 4)
)
+ const. . (3.12)
These results become equivalent to the ones in (2.21) after we rescale ρ → bρ and take
the large b limit. For all cases, namely the D = 4 WZW and the D = 3 gauged WZW
models one can verify that indeed the physical condition for closed strings (L0− L¯0)T = 0
is obeyed. It can be shown that (3.10) and (3.12) are related to the exact expressions for
the metric and dilaton of the 3D charged black string [34]5 and the 2D black hole (times
a free boson) [13] through a limiting procedure similar to the one we described in the
previous section. Therefore their conformal invariance has already been checked against
perturbation theory in [25][35][36].
4. Concluding remarks and discussion
We considered various gaugings of a one dimensional subgroup of a WZW model
based on a four dimensional non-semi-simple group. We explicitly demonstrated that the
three dimensional σ-models we have obtained can be derived by taking a correlated limit
of models of gauged WZW based on semi-simple groups. In particular the limit we took
corresponds to ‘magnifying’ or blowing up the region around the curvature singularities
in the latter models. We show that our backgrounds, although they still have curvature
singularities, can be mapped to flat spacetimes via duality transformations which renders
these singularities harmless. In contrast the singularities of the original models which were
based on semi-simple groups were more severe (although still not peculiar from the CFT
point of view [9][21]) in the sense that duality transformations cannot remove them, i.e.
both the charged and the neutral black strings have curvature singularities.
5 To compute the exact antisymmetric tensor one needs to use an effective action approach.
Assuming that in our case it can also be obtained as a limit of the corresponding expression in the
charged black string case one can show that both prescriptions of [25] give for it the semiclassical
expression of (2.8).
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It will be interesting to construct other WZW and gauged WZW models based on non-
semi-simple groups. If the conclusions we drew by considering the particular examples of
this paper are generalizable certain gauged WZW models based on non-semi-simple groups
describe the geometry of gauged WZW models based on simple or semi-simple groups close
to the curvature singularities the latter models have. Then by duality transformations
we might be able to map these space (which still have curvature singularities) to non-
singular ones. This in turn is very important in order to understand better gravitational
singularities in the context of String theory.
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Noted added
1). While finishing the typing of the paper we received ref.[37], which contains some
overlapping materials with the present work. In particular gauging of the same WZW
model was considered, but with a subgroup generated by P1 instead of J . The resulting
σ-model is different than ours but of course it also has c = 3. We were also informed about
some relevant work in [38].
2). After this paper was submitted for publication the paper [39] appeared where a large
class of WZW models based on non-semi-simple groups was constructed as a particular
contraction of the WZW model for G⊗H. The model of [15] corresponds to G = SO(3)
and H = SO(2). That explains why the action (1.6) can be obtained from (1.7) through a
limiting procedure. The gauging of the generator J we have been considering corresponds
to a gauging of the total subgroup current in G⊗H in the models of [39]. That again gives
an explanation of the relation between, for instance, (2.8) and (2.12). The generalization
of the present work to cover gauged WZW models based on the non-semi-simple models
of [39] is currently under investigation. Also the paper [40] appeared where an explicit
expression for the WZW action based on the non-semi-simple group Ecd, i.e. a central
extension of the Euclidean group in d-dimensions, was given.
15
References
[1] V. G. Kac, Funct. Appl. 1 (1967) 328.
R.V. Moody, Bull. Am. Math. Soc. 73 (1967) 217.
[2] K. Bardakci and M.B. Halpern, Phys. Rev. D3 (1971) 2493.
[3] E. Witten, Commun. Math. Phys. 92 (1984) 455.
[4] M.B. Halpern, Phys. Rev D4 (1971) 2398.
[5] P. Goddard, A. Kent and D. Olive, Phys. Lett. 152B (1985) 88.
[6] E. Witten, Nucl. Phys. B223 (1983) 422.
K. Bardakci, E. Rabinovici and B. Sa¨ring, Nucl. Phys. B299 (1988) 157.
K. Gawedzki and A. Kupiainen, Phys. Lett. 215B (1988) 119 ; Nucl. Phys.
B320(1989) 625.
[7] J. Balog, L. O’Raifeartaigh, P. Forgacs and A. Wipf, Nucl. Phys. B325 (1989) 225.
[8] I. Bars, Nucl. Phys. B334 (1990) 125.
[9] E. Witten, Phys. Rev. D44 (1991) 314.
[10] J. B. Horne and G. T. Horowitz, Nucl. Phys. B368 (1992) 444.
[11] I. Bars and K. Sfetsos, Phys. Lett. 277B (1992) 269 ; Phys. Rev. D46 (1992) 4495.
[12] C. Nappi and E. Witten, Phys. Lett. 293B (1992) 309.
[13] R. Dijkgraaf, E. Verlinde and H. Verlinde, Nucl. Phys. B371 (1992) 269.
[14] I. Bars and K. Sfetsos, Phys. Rev. D46 (1992) 4510.
[15] C. Nappi and E. Witten, Phys. Rev. Lett. 71 (1993) 3751.
[16] E.J. Saletan, J. Math. Phys. 2 (1961) 1.
[17] D. Cangemi and R. Jackiw, Phys. Rev. Lett. 69 (1992) 233.
[18] D. Cangemi and R. Jackiw, Ann. Phys. (NY) 225 (1993) 229.
[19] M. B. Halpern and E. Kiritsis, Mod. Phys. Lett. A4 (1989) 1373.
[20] A.Yu. Morozov, A.M. Perelomov, A.A. Rosly, M.A. Shifman and A.V. Turbiner, Int.
J. Mod. Phys. A5 (1990) 803.
[21] P. Ginsparg and F. Quevedo, Nucl. Phys. B385 (1992) 527.
[22] E. Kiritsis, Mod. Phys. Lett. A6 (1991) 2871.
[23] I. Bars and K. Sfetsos, Mod. Phys. Lett. A7 (1992) 1091.
[24] C. G. Callan, D. Friedan, E. J. Martinec and M. Perry, Nucl. Phys. B262 (1985) 593.
[25] K. Sfetsos and A.A. Tseytlin, “Antisymmetric tensor coupling and conformal invari-
ance in sigma models corresponding to gauged WZNW theories”, CERN-TH.6969/93,
THU-93/25, hepth/9310159, to appear in Phys. Rev. D (1994).
[26] S.P. Khastgir and A. Kumar, “Singular limits and string solutions”, IP/BBSR/93-72,
hepth/9311048.
[27] T. Buscher, Phys. Lett. 201B (1988) 466.
[28] M. Rocek and E. Verlinde, Nucl. Phys. B373 (1992) 630.
[29] J. H. Horne, G. T. Horowitz and A. R. Steif, Phys. Rev. Lett. 68 (1991) 568.
16
[30] K. Sfetsos and A.A. Tseytlin, “Chiral gauged WZNW models and heterotic string
backgrounds”, CERN-TH.6962/93, USC-93/HEP-S2, hepth/9308018, to appear in
Nucl. Phys. B (1994).
[31] S-W. Chung and S. H. H. Tye, Phys. Rev. D47 (1993) 4546.
[32] A.A. Tseytlin, Phys. Lett. B317 (1993) 559.
[33] A. Giveon and E. Kiritsis, “Axial Vector Duality as a gauge symmetry and Topology
change in String Theory, CERN-TH-6816-93, hepth/9303016.
[34] K. Sfetsos, Nucl. Phys. B389 (1993) 424.
[35] A. A. Tseytlin, Phys. Lett. 268B (1991) 175.
[36] I. Jack, D. R. T. Jones and J. Panvel, Nucl. Phys. B393 (1993) 95.
[37] E. Kiritsis and C. Kounnas, “String propagation in Gravitational Wave Backgrounds”,
CERN-TH.7059/93, hepth/9310202.
[38] C. Klimcik and A.A. Tseytlin, “Duality invariant class of exact string backgrounds”,
CERN TH.7069, hepth/9311012.
[39] D. I. Olive, E. Rabinovici and A. Schwimmer, “A class of String Backgrounds as a
Semiclassical Limit of WZW Models”, SWA/93-94/15, hepth/93011081.
[40] K. Sfetsos, “Exact String Backgrounds from WZW models based on Non-semi-simple
groups”, THU-93/31, hepth/9311093, to appear in Int. J. Mod. Phys. A (1994).
17
